The high mapping resolution of multiparental populations, combined with technology to measure tens of thousands of phenotypes, presents a need for quantitative methods to enhance understanding of the genetic architecture of complex traits. When multiple traits map to a common genomic region, knowledge of the number of distinct loci provides important insight into the underlying mechanism and can assist planning for subsequent experiments. We extend the method of Jiang and Zeng (1995), for testing pleiotropy with a pair of traits, to the case of more than two alleles. We also incorporate polygenic random effects to account for population structure. We use a parametric bootstrap to determine statistical significance. We apply our methods to a behavioral genetics data set from Diversity Outbred mice. Our methods have been incorporated into the R package qtl2pleio. 9 10 11 12 13 14 15 16 17 KEYWORDS Quantitative trait locus; pleiotropy; multivariate analysis; linear mixed effects models; systems genetics 18 19 20
where Y is the n by 2 matrix of phenotypes values; X is a 2n by 2(k + c) matrix that contains the k allele probabilities for the two QTL positions and the c covariates in diagonal blocks; B is a (k + c) 83 by 2 matrix of allele effects and covariate effects; G is a n by 2 matrix of random effects; and E is a 84 n by 2 matrix of random errors. n is the number of mice. The 'vec' operator stacks columns from 85 a matrix into a single vector. For example, a 2 by 2 matrix inputted to 'vec' results in a vector with 86 length 4. Its first two entries are the matrix's first column, while the third and fourth entries are the 87 matrix's second column. 88 We also impose distributional assumptions on G and E:
and
where MN nx2 (0, V r , V c ) denotes the matrix-variate (n by 2) normal distribution with mean being the 91 n by 2 matrix with all zero entries and row covariance V r and column covariance V c . We assume 92 that G and E are independent.
93
Parameter inference and log likelihood calculation 94 Inference for parameters in multivariate linear mixed effects models is notoriously difficult and 95 can be computationally intense (Meyer 1989 (Meyer , 1991 . Thus, we estimate V g and V e under the null 96 hypothesis of no QTL, and then take them as fixed and known in our two-dimensional, two-QTL 97 genome scan. We use restricted maximum likelihood methods to fit the model:
where X 0 is a 2n by 2(c + 1) matrix whose first column of each diagonal block in X 0 has all entries 99 equal to one (for an intercept); the remaining columns are the covariates.
100
We draw on our R implementation (Boehm 2018) of the GEMMA algorithm for fitting a multivari-101 ate linear mixed effects model with expectation-maximization (Zhou and Stephens 2014). We use 102 restricted maximum likelihood fits for the variance components V g and V e in subsequent calcula-103 tions of the generalized least squares solutionB.
where ⊗ denotes the Kronecker product, K is the kinship matrix, and I n is a n by n identity matrix. 106 We then calculate the log likelihood for a normal distribution with mean Xvec(B) and covarianceΣ 107 that depends on our estimates of V g and V e (Equation 6).
108

Pleiotropy vs. separate QTL hypothesis testing framework 109
Our test applies to two traits considered simultaneously. Below, λ 1 and λ 2 denote putative locus 110 positions for traits one and two. We quantitatively state the competing hypotheses for our test as:
Our likelihood ratio test statistic is:
where L is the likelihood for fixed QTL positions, maximized over all other parameters. The denom-113 inator concerns the likelihood for the null hypothesis of pleiotropy, where λ = λ 1 = λ 2 .
114
Visualizing profile LOD traces 115 The output of the above analysis is a two-dimensional log 10 likelihood surface. To visualize these 116 results, we followed an innovation of Zeng et al. (2000) and Tian et al. (2016) , and plot three traces:
117 the results along the diagonal (corresponding to the null hypothesis of pleiotropy), and then the 118 profiles derived by fixing one QTL's position and maximizing over the other QTL's position. 119 We define the LOD score for our test:
where ll 10 denotes log 10 likelihood.
121
We follow Zeng et al. (2000) and Tian et al. (2016) in defining profile LOD by the equation
We define profile LOD 2 (λ 2 ) analogously. The profile LOD 1 and profile LOD 2 traces have the same 123 maximum value, which is non-negative and gives the overall LOD test statistic. 124 We construct the pleiotropy trace by calculating the log-likelihoods for the pleiotropic models at 125 every position.
126
LOD p (λ) = ll 10 (λ, λ) − max ll 10 (λ, λ)
By definition, the maximum value for this pleiotropy trace is zero.
127
Bootstrap for test statistic calibration 128 We use a parametric bootstrap to determine statistical significance (Efron 1979 Table 1 Type I error rates for all runs in our 2 3 experimental design. We set (marginal) genetic variances (i.e., diagonal elements of V g ) to 1 in all runs. V e was set to the 2 by 2 identity matrix in all runs. We used allele probabilities at a single genetic marker to simulate traits for all eight sets of parameter inputs. In the column "Allele effects partitioning", "ABCD:EFGH" means that lines A-D carry one QTL allele while lines E-H carry the other allele. "F:ABCDEGH" means the QTL has a private allele in strain F. Power analysis 170 We also investigated the power to detect the presence of two distinct QTL. We used a 2 × 2 × 5 171 experimental design, where our three factors were allele effects difference, allele effects partitioning, 172 and inter-locus distance. The two levels of allele effects difference were 1 and 2. The two levels of 173 allele effects partitioning were as in the type I error rate studies, ABCD:EFGH and F:ABCDEGH
174
( Table S1 ). The five levels of interlocus distance were 0, 0.5, 1, 2, and 3 cM. V g and V e were both set 175 to the 2 by 2 identity matrix in all power study simulations. 176 We simulated 400 pairs of traits per set of parameter inputs. we did not pool the 160,000 bootstrap samples; instead, we proceeded by calculating power (i.e., 184 type I error rate, in this case), as we did in the type I error rate study above.
The top two curves correspond to the case where the QTL effects are largest. For each value for the 187 QTL effect, power is greater when the QTL alleles are equally frequent, and smaller when a QTL 188 allele is private to one strain. One can have high power to detect that the two traits have distinct 189 QTL when they are separated by > 1 cM and when the QTL have large effect. We provide example 190 profile LOD plots from the power analysis in Figure S3 . parental Drosophila populations, a biallelic pleiotropic QTL would result in allele effects plots that 231 have similar patterns. While we do not know that "percent time in light" and "hot plate latency" 232 arise from biallelic QTL, the dramatic differences that we observe in allele effects patterns further 233 support the argument for two distinct loci. 234 We have implemented our methods in an R package qtl2pleio, but analyses can be computa-235 tionally intensive and time consuming. qtl2pleio is written mostly in R, and so we could likely 236 obtain improved computational speed by porting parts of the calculations to a compiled language 237 such as C or C++. To accelerate our multi-dimensional QTL scans, we have integrated C++ code 238 into qtl2pleio, using the Rcpp package (Eddelbuettel et al. 2011) .
239
Another computational bottleneck is the estimation of the variance components V g and V e . To 240 accelerate this procedure, especially for the joint analysis of more than two traits, we will consider 241 other strategies for variance component estimation, including that described by Meyer et al. (2018) .
242
Meyer et al. (2018) , in joint analysis of dozens of traits, implement a bootstrap strategy to estimate 243 variance components for lower-dimensional phenotypes before combining bootstrap estimates into 244 valid covariance matrices for the full multivariate phenotype. Such an approach may ease some of 245 the computational burdens that we encountered.
246
We view tests of pleiotropy as complementary to mediation tests and related methods that have 247 become popular for inferring biomolecular causal relationships (Chick et al. 2016; Schadt et al. 2005; 248 Baron and Kenny 1986). A mediation test proceeds by including a putative mediator as a covariate 249 in the regression analysis of phenotype and QTL genotype; a substantial reduction in the association 250 between genotype and phenotype corresponds to evidence of mediation. -precision QTL mapping (Yu et al. 2008; Tisné et al. 2017; Stanley et al. 2017;  lizes phenotypes in a mouse intercross. PLoS Genet. 12: e1005805. 
Figure S3
Randomly sampled profile LOD plots for trait pairs simulated with interlocus distance equal to 0.5 cM, effect size 1, and allele partitioning F:ABCDEGH. The test statistics, by row, starting at the top and proceeding left to right, are: 0.10, 0.22, 0.33, 0.36, 0.43, 0.59, 0.71, 1.06, and 1.37. The critical value (for α = 0.05) is 0.77.
